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Abstract. Oscillating magnetic ﬁeld lines are frequently ob-
served by spacecraft in the terrestrial and other planetary
magnetospheres. The CLUSTER mission is a very suitable
tool to further study these Alfv´ en waves as the four CLUS-
TER spacecraft provide for an opportunity to separate spa-
tial and temporal structures in the terrestrial magnetosphere.
Using a large scaled conﬁguration formed by the four space-
craft we are able to detect a poloidal Ultra-Low-Frequency
(ULF) pulsation of the magnetic and electric ﬁeld in order to
analyze its temporal and spatial structures. For this purpose
the measurements are transformed into a speciﬁc ﬁeld line
related coordinate system to investigate their speciﬁc ampli-
tude pattern depending on the path of the CLUSTER space-
craft across oscillating ﬁeld lines. These measurements are
then compared with modeled spacecraft observations across
a localized poloidal wave resonator in the dayside plasma-
sphere. A detailed investigation of theoretically expected
poloidal eigenfrequencies allows us to specify the observed
16mHz pulsation as a third harmonic oscillation. Based on
this we perform a case study providing a clear identiﬁcation
of wave properties such as an spatial scale structure of about
0.67RE, the azimuthal wave number m≈30, temporal evo-
lution, and energy transport in the detected ULF pulsations.
Keywords. Magnetospheric physics (MHD waves and in-
stabilities; Plasmasphere) – Space plasma physics (Waves
and instabilities)
1 Introduction
Next to processes such as magnetic reconnection or colli-
sionless shock waves the process of resonant mode coupling
or magnetospheric ﬁeld line resonance is a physical process
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whose knowledge we owe ground-based and in-situ obser-
vation of space plasmas using spacecraft observations. The
theoretical basis for resonant coupling processes was estab-
lished by Tamao (1965), Chen and Hasegawa (1974), and
Southwood (1974) who were the ﬁrst to provide a theoreti-
cal framework to understand the resonant coupling between
compressional waves with small azimuthal wave number m
and Alfv´ en waves in an inhomogeneous plasma.
The physical resonant mode coupling can be understood
considering electric current continuity. From Maxwell’s
equations the following wave equation is derived for low-
frequency waves:
∇ × ∇ × E + µ0
∂j
∂t
= 0. (1)
Here E denotes the wave electric ﬁeld, and j is the electric
current density driving the wave. A magnetohydrodynamic
wave in a homogeneous plasma carries polarization currents
jp =
1
µ0v2
A
dE
dt
, (2)
where vA=B0/µ0ρ0 deﬁnes the Alfv´ en velocity and B0 and
ρ0 denote the background magnetic ﬁeld and the plasma
mass density, respectively. For an Alfv´ en mode this polariza-
tion current is curl-free in a plane whose normal is the back-
ground magnetic ﬁeld B0. The fast mode carries a source-
free polarization current. Considering a fast mode type per-
turbation with its source-free current in an inhomogeneous
medium with spatially changing Alfv´ en velocity current con-
tinuity requires the fast mode carried current to be partially
closed via ﬁeld-aligned currents driving Alfv´ enic perturba-
tions carried by a curl-free polarization current system. If
the phase velocity component of the fast mode parallel to the
background magnetic ﬁeld is equal to the local Alfv´ en ve-
locity both waves have ample opportunity to exchange their
energy; resonance takes place.
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Observational evidence for the existence of such reso-
nances was provided by e.g. Samson et al. (1971) and Walker
et al. (1979) using ground-based and ionospheric observa-
tions, respectively. Also spacecraft observations provide
some evidence for the existence of ﬁeld line resonances in
the terrestrial magnetosphere (e.g. Engebretson and Cahill,
1981; Engebretson et al., 1986). The azimuthal variation of
these observed resonances was found to be rather small; typ-
ical azimuthal wave numbers are of the order of m=5 (e.g.
Olson and Rostoker, 1978). In the radial direction widths
of standing Alfv´ en waves are observed between 0.2RE and
1.6RE (e.g. Walker et al., 1979; Singer et al., 1982; Mitchell
et al., 1990).
The source for the primary fast mode wave is in many oc-
casions a Kelvin-Helmholtz instability of the magnetopause
(e.g. Engebretson et al., 1997). A dominating wave damping
mechanism for the coupled Alfv´ en mode is Joule heating in
the ionosphere (e.g. Glassmeier et al., 1984).
However, many ULF pulsation observations, though inter-
preted as ﬁeld line resonances, lag a deﬁnite proof of their
resonant character as single spacecraft observations do not
allow to demonstrate the spatial localization of the wave am-
plitude and the typical 180◦ phase change of the toroidal
component in radial direction. What is observed is usu-
ally a spatial localization in the radial or poloidal compo-
nent, not the toroidal component (e.g. Singer et al., 1979,
1982; Singer, 1982; Cramm et al., 2000). Furthermore,
such poloidally localized waves exhibit large azimuthal wave
numbers m≈50–150. For such large m-value ULF pulsations
the ﬁeld line resonance mechanism is a rather inefﬁcient one
(e.g. Kivelson and Southwood, 1986; Lee and Lysak, 1990)
and cannot be used as an explanation to understand these
poloidal resonances. Leonovich and Mazur (1990) give a
simple reason for this: in the limit m→0 the azimuthal com-
ponent of the wave vector kφ is equal to inﬁnity. But also
the radial component kr tends to inﬁnity in case of an ideal
resonance. Because of ∇·B=0 the direction of the transverse
magnetic ﬁeld component is not deﬁned.
The question thus arises on how to understand the spa-
tial structure of poloidal ULF pulsations with large m val-
ues. Observations from single spacecraft have only a limited
value in providing the necessary experimental background
to tackle this question. Due to spacecraft motion a separa-
tion between spatial and temporal variations is not possible.
Temporal variations can be introduced by the dynamics of
the wave source itself. They also reﬂect the described cou-
pling processes which take a ﬁnite time to reach a steady
state situation. Phase mixing as discussed in more detail by
e.g. Mann and Wright (1995) thus causes signiﬁcant tempo-
ral variations and polarization changes which cannot be re-
solved by single spacecraft measurements.
HerethefourCLUSTERspacecraft(Escoubetetal.,1997)
representavery suitable tooltoanalyzemagnetosphericULF
pulsations as shown in a recent study of poloidal ULF pul-
sations by Eriksson et al. (2005b). These spacecraft move
through the magnetosphere on polar orbits forming various
scaled conﬁgurations with distances between 0.016RE and
2.0RE. Compared to previous missions with one or two
spacecraft the advantage of the CLUSTER mission consists
in the availability of four measurement points either close to
each other within the same region of interest or located in
different regions. Due to its polar orbit the region close to
the plasmapause is of particular interest. Here plasma condi-
tions are more complex than in the outer region of the mag-
netosphere as steep plasma density gradients, ﬁnite plasma
beta, ﬁeld line curvature, and the ring current may inﬂu-
ence the ULF pulsation wave ﬁeld. Also, as the plasmapause
is located deep in the magnetosphere wave sources are not
necessarily associated with processes at the magnetopause.
Rather local populations of energetic particles are generally
acceptedasawavesourceofpoloidaloscillations(Ozekeand
Mann, 2001) leading to plasma instabilities such as the drift
mirror (Hasegawa, 1969) and the bounce instabilitiy (South-
wood et al., 1969; Southwood and Kivelson, 1982).
A suitable theoretical framework to interpret the spatial
structure of poloidal oscillations with large m-values has
been presented by e.g. Leonovich and Mazur (1990). Some
of their results can be understood again considering the dif-
ferent currents associated with the restoring forces inﬂuenc-
ing the wave. For example, the inﬂuence of a ﬁnite plasma β
can be incorporated in Eq. (1) by a diamagnetic current
jβ =
∇P × B0
B2
0
. (3)
Magnetic ﬁeld line curvature introduces curvature currents
jc. If the background plasma carries a signiﬁcant electric
current J as observed in the ring current region a further cur-
rent,
jJ =
(J × b) × B0
B2
0
, (4)
needs to be considered when solving Eq. (1); here b denotes
the magnetic ﬁeld perturbation vector. This current describes
forces associated with work done by the perturbed plasma
against the current-carrying background.
Each of these additional currents inﬂuences wave disper-
sion and propagation velocity of ULF waves observed in
the magnetosphere. Based on this Leonovich and Mazur
(1990, 1993, 1995) and Klimushkin (1998a) have derived a
rather general theoretical framework to describe the disper-
sion characteristics of ULF waves in more complex back-
ground plasma situations. Especially the curvature currents
are important as they introduce transverse dispersion caus-
ing large-m waves to propagate in radial direction. Wave
propagation inwards is hampered by the increasing plasma
mass density and magnetic ﬁeld strength; the inner magneto-
sphere/plasmasphere becomes opaque and a poloidal turning
point exists.
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Wave propagation outwards, however, is possible. As the
localeigenfrequenciesoftoroidalandpoloidalmodesaredif-
ferent any outward propagating large-m poloidal wave may
couple to a toroidal oscillation. Poloidal perturbations are
related to toroidal transverse currents carrying the wave. As
the azimuthal wave number m is large this toroidal current
changes sign rapidly also in azimuthal direction. Current
continuity requires the transverse divergence of this current
to be closed via ﬁeld-aligned and poloidal currents. This
causes coupling between the primary poloidal magnetic ﬁeld
perturbation and a secondary toroidal magnetic ﬁeld oscilla-
tion. Ifthelocaleigenfrequenciesofthepoloidalandtoroidal
oscillationsmatchalocaltoroidalﬁeldlineresonanceoccurs.
Wave propagation is thus restricted to a region bounded by
the poloidal turning point and the toroidal resonance point.
This region thus deﬁnes a magnetospheric resonator or wave
guide (Leonovich and Mazur, 1995).
This toroidal resonance is the true equivalent to the clas-
sical ﬁeld line resonance ﬁrst described by Tamao (1965),
Chen and Hasegawa (1974), and Southwood (1974). In
case of the classical ﬁeld line resonance the primary, low-
m poloidal wave is generated at the magnetopause, while the
primary, large-m wave of the magnetospheric resonator ﬁeld
line resonance is generated within the resonator region.
The above discussion indicates that the radial structure
of large-m poloidal waves in the magnetospheric resonator
will be more complex than that one of a classical ﬁeld line
resonance. A polarization change may happen between the
poloidal inner turning point and the outer toroidal resonance.
The spatial structure within the resonator needs to be consid-
ered.
Furthermore, the outer boundary of the resonator can be
another poloidal turning point, not a toroidal resonance, de-
pending on plasma background properties (e.g. Vetoulis and
Chen, 1994, 1996; Leonovich and Mazur, 1995; Denton and
Vetoulis,1998;Klimushkin,1998a). Theexistenceoftwora-
dially arranged turning points suggests that a poloidal wave
trapped in this kind of resonator can propagate in both di-
rections, inward as well as outward. Detailed studies of the
radial variations of the ULF wave ﬁeld in magnetospheric
resonator regions are thus desirable and will allow a deeper
insight into the plasma physical processes there.
Withthepresentstudyweintendtoinitiateaseriesofstud-
ies on poloidal ULF waves in the outer region of the plasma-
sphere/inner region of the magnetosphere. In this ﬁrst report
we shall demonstrate the complex spatio-temporal structure
of wave ﬁelds as seen by the four CLUSTER spacecraft, in-
troduce a new way of representing the observed wave ﬁeld,
and use the theoretical framework of Leonovich and Mazur
(1990, 1993, 1995) and Klimushkin (1998a) to model the ob-
served wave ﬁelds. Fluxgate magnetometer (FGM) measure-
ments (Balogh et al., 2001) and electric ﬁeld observations
of the EFW instrument (Gustafsson et al., 2001) onboard
CLUSTER are analyzed.
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Fig. 1. The CLUSTER orbits in the dayside magnetosphere on
15 September 2002, 06:00, 07:00, 08:00 and 09:00 UT. The satel-
lite move from south to north. The thick black line represents the
plasmapause found at L=4.7.
2 Observations
A poloidal wave event has been detected onboard the CLUS-
TER spacecraft on 15 September 2002 between 06:50 and
08:00 UT. The CLUSTER orbits during this time interval are
displayed in Fig. 1. Field lines have been calculated using
the Tsyganenko magnetospheric magnetic ﬁeld model (Tsy-
ganenko, 1995; Tsyganenko and Stern, 1996). The space-
craft move from the southern dayside magnetosphere into
the northern part of the magnetosphere with a velocity of
vsc≈2km/s. The spacecraft form a large scale tetrahedron
with distances between 3000km and 16000km. This conﬁg-
uration provides for an opportunity to investigate ULF pulsa-
tions simultaneously observed on different ﬁeld lines by ap-
plying a speciﬁc analysis method described in detail further
down.
Spatial and temporal parameters of poloidal oscillations
are controlled by the local background conditions, e.g.
plasma mass density and temperature as well as magnetic
ﬁeldstrengthandcurvature. Anaccurateinterpretationofour
observations requires the knowledge of the magnetospheric
region where the CLUSTER satellites are located. As the
perigee of the spacecraft was rather low they most probably
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Fig. 2. Spacecraft potential U detected by Cluster C4. The arrows
mark the times when spacecraft C4 crosses the assumed plasma-
pause position at L=4.7 (06:45 and 07:37 UT).
entered the terrestrial plasmasphere and traversed the mag-
netospheric resonator region discussed in the introduction.
To conﬁrm this the position of the plasmapause is deter-
mined using the dynamical simulations of plasmapause for-
mation developed by Pierrard and Lemaire (2004) and Pier-
rard and Cabrera (2005). This simulation uses the magneto-
spheric electric ﬁeld model E5D determined from dynamical
proton and electron spectra measured on board the geosta-
tionary satellites ATS5 and 6 (McIlwain, 1986). As the elec-
tric ﬁeld model depends only on the Kp index the simulation
of the plasmapause formation is fully determined by this ac-
tivity index.
For the given time interval we determine a radial dis-
tance of the plasmapause in the magnetic equatorial plane
of 4.7RE. The ﬁeld line with the corresponding vertex is
assumed as the plasmapause out of the equatorial plane and
is indicated by the thick black line in Fig. 1. The assumed
plasmapause location at L=4.7 is conﬁrmed by the space-
craft potential detected with the EFW instrument on board
spacecraft C4 (Fig. 2). A decreased spacecraft potential indi-
cates a higher electron density (Gustafsson et al., 2001; Ped-
ersen et al., 2001). During the time interval analyzed here
the solar wind conditions were quiet and stable which jus-
tiﬁes the assumption of a constant position of the plasma-
pause. Except for one all satellites crossed the plasmapause
in the Northern and Southern magnetic Hemisphere and thus
moved into the dayside plasmasphere. Direct measurements
of the electron density as well as ion density and plasma
composition by the WHISPER (D´ ecr´ eau et al., 2001) and
CIS (R` eme et al., 2001) instruments, respectively, onboard
CLUSTER do not provide reliable observations for the time
period of interest.
Observations used are 4s averaged magnetic and electric
ﬁeld measurements. The data are transformed into a Mean-
Field-Aligned (MFA) coordinate system (er,eφ,ek), where
ek denotes the unit vector in the direction of the background
magnetic ﬁeld, eφ the unit vector perpendicular to the plane
spanned by ek and the spacecraft position vector rsc. The
unit vector er completes the right hand (er,eφ,ek) triad. The
coordinate system used is thus deﬁned as follows:
er = eφ × ek (5)
eφ =
hBi × rsc
|hBi × rsc|
(6)
ek =
hBi
|B|
. (7)
ThemeanmagneticﬁeldhBiisdeﬁnedasa512srunningav-
erage magnetic ﬁeld vector. In the MFA-system (br,bφ,bk)
denotethemagneticdisturbanceﬁeldvectors. Asweareonly
interested in ﬁeld perturbations the mean value of the ﬁeld-
aligned component has been subtracted. The MFA-system
allows to inspect also the polarization of the analyzed oscil-
lations with (br,bφ,bk) approximately describing poloidal,
toroidal, and ﬁeld-aligned components, respectively.
To describe the electric ﬁeld perturbations we furthermore
assume that E×B=0, i.e. no ﬁeld-aligned electric ﬁeld ex-
ists. This allows to determine the third electric ﬁeld compo-
nent from the two spacecraft spin-plane electric ﬁeld compo-
nents provided by the EFW instrument onboard CLUSTER.
The vector (Er,Eφ,0) denotes the electric ﬁeld in the MFA-
system.
Observations from all four CLUSTER spacecraft for the
timeintervalstudiedhereareshowninFig.3, wherethethree
upper panels display the magnetic ﬁeld measurements and
the two bottom panels the electric ﬁeld measurements. To
discriminate between the four spacecraft they are denoted as
C1, C2, C3, and C4, respectively. The pulsation event is
most clearly identiﬁed in records of spacecraft C3 and C4
with an onset time shift of about 30min (Fig. 3). The other
two spacecraft only detect minor ﬁeld perturbations.
The frequency of the observed signal is in the range of a
Pc4 pulsation, f≈16mHz, observed in all components of the
magnetic and electric ﬁeld. The pulsation at spacecraft C3
is detected between 07:20 UT and 08:00 UT with transverse
electricandmagneticﬁeldvariationsdominating. Theampli-
tudes of bφ and br are modulated exhibiting a maximum of
about 4nT in br and nearly constant ﬁeld after 07:40 UT. The
compressible component bk only shows a small amplitude
ﬂuctuation of the order of 1nT. The electric ﬁeld oscillates
with a maximum amplitude of about 2mV/m in both com-
ponents and is almost zero between 07:37 UT and 07:48 UT.
At spacecraft C4 the oscillation is seen 30min earlier than
at C3 and ceases at about 07:40 UT. Similar to the observa-
tion in C3 the pulsation is observable in every component of
b and E. At C4 the radial amplitude br is twice as large as
the azimuthal amplitude bφ and exhibits a peculiar two-wave
packet modulation. The electric ﬁeld oscillates again with
an amplitude of 2mV/m and is zero between 07:05 UT and
07:18 UT, whereas the amplitude increases in both compo-
nents after 07:30 UT up to 5mV/m in Eφ and 10mV/m in
Er.
Further information about the observed signal is provided
by the Poynting vector S= 1
µ0E×b and the time-average en-
ergy ﬂux
hSi =
1
T
Z T
0
S dt, (8)
Ann. Geophys., 25, 1011–1024, 2007 www.ann-geophys.net/25/1011/2007/S. Sch¨ afer et al.: Characteristics of poloidal waves: a CLUSTER case study 1015
 
 
 
b
r
 
 
 
b
φ
3 nT
 
 
 
b
|
|
 
 
 
E
r
6 mV/m
 
 
 
E
φ
06:50 07:00 07:10 07:20 07:30 07:40 07:50   
Time [UT]
C1 C2 C3 C4 August 7, 2003
Fig. 3. FGM and EFW measurements for the four Cluster space-
craft (C1: black, C2: red, C3, green, C4: blue), transformed into
a Mean-Field-Aligned coordinate system. The bars denotes ampli-
tudes of magnetic and electric ﬁeld, respectively.
where T is the wave period (Fig. 4), in our case T=63s. A
standingwaveisindicatedbyhSi=0andoscillatingPoynting
vector S (Chi and Russell, 1998). This is especially observed
until 07:20 UT in spacecraft C4. After that time the charac-
ter of the energy ﬂux changes with both transverse compo-
nents now indicating a non-zero energy ﬂux transverse to the
ambient magnetic ﬁeld. In particular, the large negative ra-
dial component Sr corresponds to an inward directed energy
transport indicating the presence of a propagating wave. The
wave as observed by spacecraft C3 exhibits small transverse
energy ﬂux variations hSri and hSφi. The ﬁeld parallel en-
ergy ﬂux is non-zero between 07:20 and 07:34 UT, but the
oscillating component of Sk is dominant. A non-zero com-
ponent hSki is expected for a standing poloidal wave in case
of asymmetric ionospheric conductances at the northern and
southern footprint of the oscillating ﬁeld lines (Ozeke et al.,
2005). We conclude that at this time interval an almost stand-
ing ﬁeld line oscillation is observed by spacecraft C3 as well
as spacecraft C4 between 06:50 and 07:20 UT.
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Fig. 4. Components of the Poynting vector S observed by space-
craft C3 and C4. The thick line represents the time-average energy
ﬂux.
3 Analysis and interpretation
3.1 Phenomenology of the wave activity
The main aim of the present study is to investigate spatial
and temporal structures of poloidal Alfv´ en waves. In princi-
ple, this requires a 4-D-representation of the measurements
made. To approach this requirement we introduce a special
coordinate system, the L-D-M coordinate system, schemati-
cally shown in Fig. 5. The coordinate L resembles the McIl-
wain Parameter (McIlwain, 1966) and describes the distance
of the vertex of a speciﬁc ﬁeld line with respect to the center
of the Earth in units of RE. To identify the ﬁeld line for a
given point in space the Tsyganenko 96 model (Tsyganenko,
1995; Tsyganenko and Stern, 1996) is used.
The second coordinate D describes the position of the
spacecraft on the speciﬁed ﬁeld line and is deﬁned as the dis-
tance between the spacecraft and the ﬁeld line vertex along
the ﬁeld line. Positive D values correspond to a spacecraft
location in the Northern magnetic Hemisphere. The third
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Fig. 5. Schematic illustrating the L-D-M coordinate system. The
spacecraft positions are marked by rectangles, the dotted lines rep-
resent magnetic ﬁeld lines.
coordinate, M, describes the magnetic local time (MLT) at
which the measurements are taken.
The orbital coordinates of the different spacecraft are
transformed into this L-D-M coordinate system, ﬂuctuations
of the electromagnetic ﬁeld are still represented using the
Mean-Field-Aligned coordinate system. At ﬁrst we concen-
trate on the actual observations of br and hSri in the L-D
plane as seen in the upper panels of Fig. 6. Effects of minor
changes in the M coordinate (lowest panel of Fig. 6) are dis-
cussed later. For the representation of br an analytic signal or
Carson-Gabor representation (e.g. Glassmeier, 1980; Glass-
meier and Motschmann, 1995) is used, which allows to de-
termine instantaneous amplitude and phase of the given time
series. As the ULF signals to be analyzed here are rather reg-
ular the analytic signal representation is a very suitable tool.
The thickness of the lines denoting the spacecraft positions
in the ﬁrst panel of Fig. 6 represents the instantaneous ampli-
tude or signal envelope of the dominant radial component of
the magnetic ﬁeld oscillation. The thickness of the lines in
the second panel of Fig. 6 is related to the radial component
of the time averaged energy ﬂux hSri. The vertical black line
in Fig. 6 represents the plasmapause position, previously also
given in Fig. 1. Wave activity occurs preferentially within the
plasmasphere.
In the present case study each spacecraft covers different
ranges of L-values. The magnetic equator (D=0) is crossed
by spacecraft C4 at the ﬁeld line with its vertex at L=4.1, C3
at L=4.35, C2 at L=4.45, and C1 at 4.77, that is the four
spacecraft cover a radial extent of about 0.67RE, a value
comparable to earlier estimates of the radial extent of magne-
tospheric pulsations. Therefore, the conﬁguration is suitable
to analyze the poloidal oscillation covered spatial region.
Information about the time at which a spacecraft crossed
a speciﬁc ﬁeld line is of particular interest. Spacecraft posi-
tions at ﬁve selected times, labeled by roman numbers, are
marked by squares in Fig. 6. These times have been selected
as they correspond to those times spacecraft C4 and C3 cross
the L=4.22 and L=4.4 ﬁeld lines in the Southern and North-
ern Hemisphere and the time spacecraft C4 detects the max-
imum, radially directed energy ﬂux.
At time I spacecraft C4 observed an amplitude maxi-
mum at L=4.22; the wave amplitude decreased while space-
craft C4 moved to lower L-values and increased after it
crossed the magnetic equator D=0RE. Spacecraft C1 and
C2 were located far away from this ﬁeld line at L>4.45 and
did not detect pulsations as seen in the magnetic and electric
ﬁeld measurements (Fig. 3). We conclude that at time I the
radial spatial extent of the pulsation event was too small to
be observed by C1 and C2. Afterwards both spacecraft move
further apart from the region of interest and in the following
we concentrate on the observations of spacecraft C3 and C4.
C3 was still too far away from the region of interest to detect
any ULF signal at time I.
At time II another amplitude maximum was observed by
C4 at the same ﬁeld line L=4.22 as at time I. This clearly
indicates the existence of a radially localized wave structure
along this ﬁeld line oscillating for at least 24min. At time II
a pulsation was also detected by spacecraft C3, but at L=4.5
indicating a more complex radial structure of the wave ﬁeld
observed by the two satellites.
At time III C3 and C4 were located at the same ﬁeld line
shell L=4.4, but at slightly different M values. Approaching
this ﬁeld line shell C3 saw an increasing amplitude, indicat-
ing a localized wave packet. At the same time C4, moving
towards the plasmapause only detected a minor change of
the ﬁeld amplitude. This difference in the amplitude behav-
ior might be due to rapid azimuthal variations of the wave
ﬁeld.
Assuming an azimuthal variation b,E∝exp(imφ) the az-
imuthal wave number m can be determined from the mea-
sured phase difference, 1ψ, between radial magnetic ﬁeld
variations seen at C3 and C4 (e.g. Eriksson et al., 2005a):
m =
1ψ
1φ
. (9)
Here 1φ is the azimuthal distance between C3 and C4;
at time III 1φ=3.18◦. Comparing time series of both
spacecraft around time III the phase difference 1ψ is esti-
mated. The time difference 1t between minima and max-
ima, respectively, is about 20s (Fig. 7), which corresponds to
1ψ≈100◦; thus m≈30. Such large azimuthal wave numbers
are expected for poloidal oscillations (e.g. Radoski, 1967)
and observed by Eriksson et al. (2005b) recently.
After time III spacecraft C4 recorded regular ﬂuctuations
for about 10min between L=4.4RE and L=4.6RE; these
were not observed at any of the other spacecraft as they were
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Fig. 6. Positions of the CLUSTER spacecraft in the L-D coordinate system at different times, where the squares mark the positions of each
spacecraft. Time I corresponds to 06:58:38 UT, time II to 07:23:42 UT, time III to 07:30:22 UT, time IV to 07:34:22 UT and time V to
07:50:06 UT. The arrows show the ﬂight direction of the CLUSTER satellites. The thickness of the lines are related to the amplitude of the
radial oscillation of the magnetic ﬁeld br (upper panel) and the radial component of the time averaged Poynting vector hSri (second panel).
The bottom panel shows the orbit in the L-M plane, where M corresponds to the magnetic local time MLT.
located at other ﬁeld lines. This period of regular oscillations
ceased when C4 reached the plasmapause region.
Between time I and time III the time averaged Poynting
vector hSi is close to zero indicating the existence of a stand-
ing wave ﬁeld structure. Afterwards spacecraft C4 observes
an increasing radial energy ﬂux with its maximum at time
IV located at L=4.55 and D=1.4RE. At the same time
spacecraft C3 observes hSri=0 at L=4.36 and D=−0.3RE.
Spacecraft C4 seems to transit a wave propagating in a de-
ﬁned region as no energy ﬂux is observed by spacecraft C3.
One can speculate that a wave source is located near the ob-
served maximum of the energy ﬂux. The nearby plasma-
pause at L=4.7 acts as a very good wave reﬂector for the
excited wave (e.g. Lee, 1996) which can thus only propagate
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Fig. 7. Time series of br for spacecraft C3 (top) and C4 (bottom)
between 07:29 and 07:32 UT, where both satellites cross the same
L-shell at different azimuthal positions M.
towards lower L shells; this is a probable explanation for the
observed radially inward directed energy ﬂux.
At time V spacecraft C3 again crossed the L=4.4 ﬁeld line.
However, the amplitude was smaller than during the southern
crossing, which indicates a temporal variation of the pulsa-
tion activity rather than a spatial one. All other spacecraft
had already left the activity region at this time.
3.2 Wave frequency
Phenomenological characteristics of the waves observed in
the outer region of the plasmasphere are quite complex as
discussed above. The wave frequency, however, is rather
stable at fobs=16mHz during the time spacecraft C3 and
C4 traversed this region, as seen in the dynamic spectra of
the radial magnetic ﬁeld component br (Fig. 8). Due to
the radial spacecraft motion a frequency constant in time
is equivalent to a uniform frequency with respect to mag-
netic L shells, which has been previously observed and dis-
cussed for poloidal wave events in outer magnetospheric re-
gions (L>6) by Denton et al. (2003). Contrary to that the fre-
quency of toroidal waves is expected to have a L dependence
and consequently the radial structure of the here observed
poloidal wave event cannot be explained by the ﬁeld line res-
onance mechanism. Details of the radial structure of poloidal
waves can be gained by comparing the observed frequency
with the radial proﬁle of theoretically expected poloidal and
toroidal eigenfrequencies (e.g. Denton and Vetoulis, 1998;
Klimushkin, 1998b).
Theoretically expected toroidal eigenfrequencies ωT and
eigenperiods TA of magnetospheric ﬁeld lines can be es-
timated using the time of ﬂight method (Warner and Orr,
1979):
ωT =
2πN
TA
; TA = 2
Z N
S
ds
vA
. (10)
Here N is the harmonic number of the ﬁeld line standing os-
cillation, ds is an increment of length along the ﬁeld line
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Fig. 8. Dynamic spectra of the radial magnetic ﬁeld components
br of the spacecraft C3 (top) and C4 (bottom) observations.
and the integration limits are the northern and southern iono-
sphere. The Alfv´ en velocity vA(s) along the ﬁeld line is
given by vA(s)=B(s)/
√
µ0ρ(s).
Poloidal eigenfrequencies ωP can be determined in the
WKB approximation following Klimushkin (1998a) and
Klimushkin (1998b):
ωP = ωT − ωgeom + ωβ. (11)
Here ωgeom describes the inﬂuence by the ﬁeld line curvature
of a ﬁeld line and is given by
ωgeom =
1
2πN
Z N
S
vA
∂2
∂s2(lnh)ds, (12)
where h is a geometric factor depending on the coordinate
system used (for details see Klimushkin, 1998a). The term
ωβ takes into account the inﬂuence of ﬁnite but small values
of the plasma β and resulting equilibrium currents J per-
pendicular to the magnetic ﬁeld in the equatorial plane, e.g.
magnetospheric ring currents:
ωβ =
1
2πN
Z N
S
2vA
R
 
µ0J
B
+
2v2
MS
Rv2
A
!
ds. (13)
Here R is the ﬁeld line curvature radius. The slow magne-
tosonic velocity vMS is given by vMS=vSvA(v2
S+v2
A)−1/2,
where vS denotes the sound velocity. For simplicity dipole
ﬁeld lines are assumed to calculate the radius of curvature R
and the geometric factor h, an assumption well justiﬁed for
plasmaspheric ﬁeld lines. The coordinate system of Eq. (13)
follows the deﬁniton in Klimushkin (1998a). Here positive
values of J correspond to currents directed eastward.
Using Eqs. (10–13) the radial variation of the local
poloidal eigenfrequencies ωP in the outer plasmaspere can
be determined using suitable models of the magnetic ﬁeld,
the plasma mass density distribution and the magnetospheric
ring current strength.
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ward. The plasma density is calculated from modeling the electron
number density (Carpenter and Anderson, 1992).
The latter can be determined using the Tsyganenko model
of (Tsyganenko and Stern, 1996; Tsyganenko and Peredo,
1994) for given parameters such as Dst=−19nT and the dy-
namic pressure of the solar wind pdyn=0.85nPa. We assume
typical distributions for plasma β and isotropic plasma pres-
sure (P⊥=Pk) as described e.g. by Lui and Hamilton (1992).
To proof consistency with the Tsyganenko model the radial
proﬁle of the current density J is also derived from the given
plasma pressure distribution by (Lui et al., 1987)
J⊥ = −
1
B
∂P
∂L
. (14)
Here positive J⊥ denotes westward current. We found good
agreement between the current derived from Eq. (14) and the
ring current of the Tsyganenko model. Proﬁles of β, P and
J⊥ are shown in Fig. 9.
The Tsyganenko 96 model (Tsyganenko and Stern, 1996)
is used to calculate the magnitude of the magnetic ﬁeld B(s)
for a given ﬁeld line. The plasma number density along
the ﬁeld line is assumed as a power law (Cummings et al.,
1969) with an exponent α=1 typical for the plasmasphere
(e.g. Goldstein et al., 2001; Denton et al., 2004):
n(s) = neq

LRE
r
α
. (15)
Here r is the geocentric distance to a point on the ﬁeld line
and the number density in the equatorial plane neq can be
obtained from the model of Carpenter and Anderson (1992).
Inﬂuencesonneq duetocomplexfeaturesoftheplasmapause
formation such as plasma plumes or shoulders (e.g. Pierrard
and Lemaire, 2004; Goldstein, 2006) are not predicted by the
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applied simulation of the plasmapause formation, addition-
ally approved by the observed spacecraft potential (Fig. 2).
The plasma of the plasmasphere is composed of hydrogen
and heavier ions such as helium and oxygen. This requires
a mass correction factor mcorr to calculate the plasma mass
density ρ(s)=n(s)mcorrmp accurately, where mp is the pro-
ton mass. A typical plasmaspheric plasma is composed of
55% H+, 40% He+ and 5% O+ (Berube et al., 2005) leading
to a mass correction of mcorr≈3.
With these assumptions and model values the eigenfre-
quencies of the fundamental poloidal and toroidal ﬁeld line
oscillation, fP=ωP/2π and fT=ωT/2π, as well as the fre-
quencies of its harmonics N=2,...,4 have been calculated
for L shells in the range [2.5,5.5]RE (Fig. 10). At L
shells L=[4.1,4.7], where spacecraft C3 and C4 observe
the described pulsation activity, poloidal eigenfrequencies
are larger than the toroidal eigenfrequencies; the non zero
plasma β leads to ωβ>0. The geometric contribution, ωgeom,
is always larger than zero for α=6. However, if we assume
α6=6, negative values for ωgeom are well possible. In the
present case α=1 is the best guess and we ﬁnd ωgeom<0 for
certain radial distances. This leads to ωP>ωT in these re-
gions.
The theoretical framework predicts the existence of a re-
gion transparent for poloidal waves near a minimum of fP
only if the condition fP<fobs<fT is satisﬁed (Klimushkin
et al., 2004). In contrast to that we found fT<fP<fobs in the
present case study (Fig. 10). However, the theory used here
describes wave ﬁelds bounded by surfaces satisfying the con-
dition fobs=fP. These surfaces act as turning points of the
radial propagating wave and deﬁne a region transparent for
poloidal waves. Consequently, we assume that the observed
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pulsation is localized within such a wave transparency region
despite the contradiction between observation and theory. A
possible reason for this discrepancy is the negative value of
ωgeom due to the assumed exponent α=1 in Eq. (15), as dis-
cussed above. As the condition ωgeom>ωβ is necessary to
obtain a poloidal eigenfrequency smaller than the toroidal
(see Eq. 11), we speculate that Eq. (12) is inappropriate in
case of α=1. Apparently further efforts are necessary to
improve the applied WKB approximation of the theoretical
framework using the constraint α=1.
However, we suggest that Fig. 10 reﬂects the radial
width of the poloidal resonator (e.g. Leonovich and Mazur,
1993). The outer boundary coincides with the plasmapause
at L≈4.7 and the inner boundary depends on the harmonic
number N. Since spacecraft C4 observes the pulsation even
at L=4.1, we exclude the fourth harmonic oscillation, which
has the inner resonance surface located at L≈4.2. The ob-
servations described in the L-D coordinate system (Fig. 6)
reveal a symmetric amplitude structure relative to the mag-
netic equator D=0RE suggesting an oscillation with an odd
harmonic number. For the fundamental oscillation N=1 the
spatial extent of the oscillating structure would be more than
2RE. Consequently, we suggest that the observed pulsation
is a third harmonic oscillation with a spatial extent of approx-
imately 0.7RE.
3.3 Modeling the spatio-temporal structure
Forfurtherunderstandingoftheobservedpulsationeventand
to reach a deeper insight into its spatio-temporal structure we
present a simple model for the spatio-temporal characteris-
tics of the wave which is ﬁtted to the actually observed data
for better comparison. The dominant poloidal magnetic ﬁeld
component is given by
br,model = b0 · A(D,φ) · B(L) · C(t). (16)
Here A(D,φ) describes the spatial structure along the ﬁeld
line and in the azimuthal direction, B(L) the spatial structure
in the radial direction across L-shells, and C(t) the temporal
evolution of the wave amplitude. All three amplitude func-
tions are normalized to 1, so that the maximum amplitude of
the modeled signal is given by b0.
The model assumes a standing wave along the background
magnetic ﬁeld line:
A(D,φ) = sin(kkD + mφ) · cos(ωPt). (17)
This functional form describes odd mode oscillations with
kk denoting the ﬁeld parallel wave number. Wave fre-
quency ωP=2πfP and azimuthal wave number m are de-
termined using the observations. As mentioned in Sect. 2
the change in the azimuthal spacecraft position 1φ=1M is
small, but since we found m≈30, the phase variation 1(mφ)
is not negligible. The parallel wavelength λk=2π/kk de-
pends on the length of the ﬁeld line l and the harmonic
number N: λk=2l/N. The lengths of the ﬁeld lines with
vertices between L=4.1RE and L=4.7RE are between
l=9.4 and l=10.0RE. Assuming a third harmonic oscilla-
tion as discussed above gives one wavelengths in the range
λk=[6.3,6.7]RE or wave numbers kk=[0.94,1.00]R−1
E .
The transverse variation of the wave ﬁeld is described by
multiplying the standing wave (Eq. 17) with an amplitude
function B(L). Leonovich and Mazur (1990) have shown
that for a poloidal wave resonator the function B(L) can be
approximated by the product of a Hermitian polynomial Hn
of order n and a Gaussian:
B(L) = Hn(ξ)exp(−ξ2/2), (18)
where ξ=(L−LR)/σ. Here LR denotes the location of max-
imum wave amplitude and σ describes the radial width of the
wave ﬁeld within the wave guide region, respectively. For a
zeroth order Hermitian polynomial (n=0) the radial struc-
ture B(L) is just given by a Gaussian as already observed for
poloidal pulsations (e.g. Cramm et al., 2000).
Using higher order Hermitian polynomials allows to de-
scribe a more complex wave ﬁeld variation in radial direction
as the number of extrema of the polynomial used is equal to
n+1. Figure 6 exhibits two amplitude maxima at L=4.22
and L=4.40RE. The ﬁrst one at L=4.22RE is detected
twice by spacecraft C4 when it crosses the corresponding
ﬁeld line below and above the magnetic equator. The sec-
ond one at L=4.40RE is detected only by C3. Due to this
observation a ﬁrst order Hermitian polynomial with n=1 is
used in Eq. (18).
The amplitude maxima on the ﬁeld line L=4.22RE are
observed at D=−0.7RE and D=0.9RE, that is almost sym-
metric with respect to the magnetic equator. Assuming a
standing wave, one would expect nearly the same pulsation
strength for both crossings. However, the opposite is ob-
served with the northern maximum displaying a somewhat
small amplitude value (Fig. 6). This is either due to the sym-
metry point not coinciding with the magnetic equator or the
resultofatemporalevolutionofthewaveﬁeld, approximated
by a Gaussian function C(t) with its maximum at 07:32 UT
corresponding to the observed maximum of the signal. An
increasing amplitude can be explained by e.g. drift bounce
resonance effects, as described in Klimushkin and Mager
(2004). On the other hand, wave dissipation at the iono-
spheric boundaries leads to a decreasing pulsation amplitude.
The aim of our modeling effort is to characterize the am-
plitude b0, the activity maximum position LR and its width
σ. Varying these model parameters the best correspon-
dence between modeled signal and the actual observations of
spacecraft C3 and C4 have been reached for LR=4.35RE,
σ=0.1RE, m=30, and b0=6.5nT. A comparison of both
signals is displayed in Fig. 11. The correspondence is fairly
reasonable with major features of the observed amplitude
modulation being explained. However, it is not possible to
reproduce the measurements in detail. The ﬁrst amplitude
maximum observed at spacecraft C4 observation is not fully
reproduced by the model such as the amplitude modulation
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Fig. 11. Comparison between measurement of the br (solid line)
component and the model of the wave ﬁeld br,model (dashed line).
seen in C3 after 07:35 UT. Observations between 07:10 and
07:35 UT are well represented by the modeled signal. Es-
pecially the modeled shape of the second amplitude peak in
spacecraft C4 is in a good agreement with the observed am-
plitude modulation.
Figure 12 shows a comparison between the modeled ra-
dial variation of the wave ﬁeld and the radial variation of
the poloidal eigenfrequency. It is remarkable to see that the
waveactivityregionasmodeledwellcoincideswiththewave
guide region identiﬁed as the trough in the poloidal eigenfre-
quency variation. From the modeled signal we also infer that
the total width of the wave guide is about 0.6RE, which cor-
responds to the observed extend of the wave activity region.
It should be noted that the time interval between 07:30 and
07:40 UT of the spacecraft C4 observation is excluded from
our modeling efforts as at this time a propagating wave is
detected (Figs. 4 and 6) and the assumption of a standing
wave is not suitable in this region.
Differences between model and measurements originate
from several sources. First, the Hermitian function used to
describe the radial structure is based on the assumption of
a wave guide symmetric to the point of minimum eigenfre-
quency. This assumption is not fully consistent with the ac-
tual variation of the poloidal eigenfrequency. Second, theo-
retical studies such as presented by Klimushkin and Mager
(2004) assume a time harmonic time variation without any
amplitude modulation. A more realistic temporal evolution
of the wave ﬁeld is not incorporated in current theoretical
treatments. We think that this oversimpliﬁcation is the main
reason for discrepancies between model and observation.
However, similarities found suggest that the theoretical as-
sumptions allow for explaining the observed amplitude mod-
ulation, at least after the wave ﬁeld is fully developed and
before it collapsed due to ionospheric dissipation.
4 Conclusions
A new representation of magnetic ﬁeld measurements has
been developed which allows a very convenient graphical
display of CLUSTER multi-spacecraft observations helping
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Fig. 12. Comparison between the modeled radial variation and the
radial variation of the poloidal eigenfrequency.
tovisualizespatialandtemporaleffectsduetospacecraftmo-
tion. This new visualization tool has been applied to ULF
pulsationobservationsintheterrestrialdaysideplasmasphere
and a region of a poloidal standing wave was detected and
analyzed.
The ﬁeld line oscillations analyzed were observed in the
time interval 15 September 2002, 06:50–08:00 UT. The large
scaled spacecraft conﬁguration during this interval has en-
tailed the possibility to record the pulsation event over a time
period of around 70min in spacecraft C3 and C4. During this
time the spacecraft crossed the oscillating ﬁeld lines twice
during their inbound and outbound approaches to the Earth
on an almost polar orbit.
Analyzing the phase differences between signals observed
by two spacecraft while passing the same L shell has given
us the possibility to estimate the azimuthal wave number; we
found m≈30. Accordingly, a poloidal polarized oscillation
with m1 was detected.
Todescribetemporalandspatialpropertiesoftheobserved
wave ﬁeld we have used a theoretical framework developed
byLeonovichandMazur(1990,1993,1995)andKlimushkin
(1998a). A proﬁle of poloidal eigenfrequencies fP was eval-
uated based on realistic assumption concerning plasma com-
positionandplasmapropertiesintheregionofinterest. Com-
paring with the observed frequency fobs=16mHz has sug-
gested a third harmonic oscillation.
The wave ﬁeld was found localized near the minimum of
fP bounded by turning points fP=fobs at the plasmapause
and within the plasmasphere, respectively. In this region the
existence of a localized pulsation is not fully predicted by
theory. Hence, further efforts on the theoretical description
of plasmaspheric ULF pulsations are necessary.
Modeling spacecraft observations crossing plasmaspheric
ﬁeld lines has suggested a spatial structure and temporal de-
velopment of the detected wave ﬁeld. We have found clear
indications of the existence of a standing wave at L=4.22RE
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together with a complex radial structure extended to higher
L-shells. The wave event is localized in radial direction.
However, this localization is not due to any resonant mode
coupling, but thought to be the result of the wave ﬁeld en-
countering two poloidal turning points, much as predicted by
Klimushkin (1998a). The spatial extent of the wave ﬁeld area
is around 0.6RE, which conﬁrms previous observations of
plasmaspheric ULF pulsations (Ziesolleck et al., 1993; Menk
et al., 1999). The radial structure was described by a spe-
ciﬁc function as suggested by Leonovich and Mazur (1990).
In addition to the standing structure the investigation of the
wave Poynting vector has clearly exposed the existence of an
inward directed, propagating wave.
Comparing observations with the modeled standing os-
cillation exposes strengths and weak points of the applied
model and its theoretical basis. For the given situation of a
solely poloidal polarized ﬁeld line oscillation a theory is cur-
rently unavailable specifying the temporal evolution of such
a wave ﬁeld. Thus, the measured pulsation can only be re-
produced in parts by the modeled standing structure.
Our future efforts will concentrate on the performance
of further event studies of ULF pulsations localized within
plasmasphere and plasmapause. We intend to analyze these
events with the method introduced by the present work. In
addition to that we aim for the development of a statistical
survey of properties of Alfv´ enic waves in the terrestrial mag-
netosphere. For these purposes the CLUSTER mission is an
appropriate tool providing us with an extensive amount of
magnetic and electric ﬁeld data over a time range of more
than ﬁve years.
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